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Abstract 



These materials were developed as a 
practical response to some of the recommendations of the 
19 63 Cambridge Ccnfererce on School Mathematics (CCSM) . 
Experimental sessions are described in detail in this 
report. In the Estabrcck Elementary School, Lexington, 
Massachusetts, first grade children (1964-65 Academic Year) 
concentrated on material related to the real number 
concept. Included are descriptions of teacher and student 
activities . The teacher used several wooden dowels of 
varying length in order tc involve students in discussions 
of the symmetric and transitive properties of inequality. 

In addition, the more able second grade students were also 
exposed tc concepts and definitions for inequality, 
addition and subtraction, and applications tc problems. The 
inequalities unit was also used with a pre-first grade 
class at Morse Elementary School in Cambridge, 
Massachusetts. A description of this project is provided. 
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October, 1965 



Inequalities and Real Numbers as a Basis for School Mathematics 



Earle Lotnon 



I. Introduction: 



The report of the 1963 Cambridge Conference on School Mathematics 



suggests that the most promising foundation for the whole mathematical curricu- 
lum is a well developed concept of the real numbor system. Under ' The Earliest 
Grades, K through 2“ it says. Early experiences in studying numbers should be 
designed to give insight into the mathematical properties of the real number 
system" (p.32 of “Goals"). This recommendation, perhaps more than any other 
in the report, differs from the formulation of widely used mathematics curri- 



cula, both “conventional" and 'modern* . In the "conventional" curricula the 



rationals are avoided for the first few years, and negatives introduced only 



near the end of the elementary grades. The interelation of these systems i: 



not shown. In "modern" curricula, the structural relations are discussed in 



the middle elementary grades, but emphasis there and in the earlier grades is 
on the cardinality of numbers as developed through set theory. A long road 



still awaits the student before the real number system is embedded into his 



mathematical language and intuition. Fractions and especially negatives still 



come late and a concrete feeling for their structure is not strongly built on 



the set theoretical beginning. 



With "real number" as an opening, much of the rest of the curriculum 



recommended by "Goals" is roughly determined in nature and order. The rapidity 



of learning envisaged is largely based on having the real number system at hand, 



as the essential tool in- most mathemati 




diccipl 



1. 



"Goals for School Mathematics" 3 Houghton 'Miff 1 in Comp Boston (1963) 
Hereafter we will refer to this reoort as "Goals",. % \ 
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makes the recommendation one of the most debatable in the report and one of 



the most critical to investigate by classroom experience. 

The theme has recurred in discussions since the 1963 meeting, concerning 
the degree of emphasis needed on the distinction between numbers as cardinals 
and as the related subset of the reals or “co-ordinate numbers 11 • The degree 
of distinction to be given bears on the relative primary of sets, concepts 
and number line in the early grades. The relative strength of the intuition 

a child brings into school for cardinals or reals has been frequently debated, 

\ ' : 

In the end these questions can only be settled with the help cf much more ex- 
perience in trying a carefully developed real number approach with children. 
Elements desired in such an approach are listed on pp, 31-33 of “Goals" e 
(As a service to those who do rot keep a copy of ''Goals 1 in their pockets . 
these pages are included here as appendix.) While the 1963 CCSM meeting was 
in session. Professor A, Gleason tried the discussion of inequalities with 
young children. These were in a class of the summer session operated by ESI 
in the Peabody School, Cambridge, The results were encouraging. The questions 
raised above were given priority for the youngest group of children, when the 
cooperation of the staff of the Estabrook School, Lexington, was obtained to 
do experimental work on the proposals of “Goals 11 , 

Thus, in the Estabrook Project, first grade children (Spring 1964) and 
second grade children (the 1964-65 academic year) concentrated on material 
related to the real number concept.,. The classes of third to sixth grade students 
fin the Estabrook Project also emphasised -the number structure as belonging to 
fill the reait ? ..But the exigencies were such that the desirable base of inequali- 
ties end order structure were not developed first for those classes. At the 
Morse School Project (Cambridge, 1964) ideas developed i t Is tab rook were tried 
with appropriate changes, on a pre^first grade c?„ass. 
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The experimental sessions at the Estabrook and Morse schools will be 
described in detail in this report. The intent is to make our results useful 
to others who would like to develop this material for a larger scale experiment 
or for a preliminary text. We hope to make the problems of presentation, as 
well as of content, sufficiently evident to indicate the teacher training 
required. The Estabrook classes of the spring of 1964 are reported verbatim 
in part, relying on extensive notes and the tape recordings made of several 
classes, I hope that this will make the classroom context vivid to the reader, 
revealing the relevant attitudes and problems of young children. Perhaps this 
will carry over to the understanding of the other classes reported in less 



I 




detail. 

At all times, X have tried to work within the 11 discovery" method as I 
interpret it. Along with everyone who uses this approach, X believe that the 
groping of a child for an answer, or his debating it with a peer, will lead to 
his better understanding and remembering that answer. At the same time it de- 
velops his analytical abilities and self-confidence. However, my experience 
also indicates that it is important to "guide" the "discovery" to a certain 
extent by the questions posed, raising essential issues. This is not to say 
that the children's own lines of thought are not to be followed extensively, 
for they certainly often bring unexpected rewards. It is to be hoped that 
the tactics used will be clarified by the rest of this report. 

Several experienced observers were present at the Morse School sessions. 
With the help of their notes the classroom situation is described thoroughly 
in Section HI, The problems of teaching these younger children are given 
attention. The longest experiment (Estabrook, December 1964-June 1965) is 
reported in Section IV. There were second grade children of high ability 
which, together with the teacher's previous experience with the material. 
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-allied rapid development. Less detail is reported of these classes, as the 
methods and material were largely as before* But these sessions allov; con- 
clusions with respect to the transferability of the material to the classroom 
teacher, and on the appropriate age of chil.dren for the various parts of the 
course. 

Section V contains my general conclusions and recommendations. 

/ 

II. Estabrook, Spring of 1964 

With the interest and help of Mr*. Cumming, Principal of Estabrook 
Elementary School, arrangements were made with the Le:i|ington, Massachusetts, 
school authorities to permit several experimental sessions each week, with 
three groups of children. Teachers generously volunteered to undertake the 

extra planning and consultation required. In particular. Miss Marie Mortimer 

\ 

offered to guide jthe youngest group in the material of this report. 

The students were an above average group of first graders, (a few were 
second graders) but not; the most able mathematics group of their age level 
(mostly six years-old). Two fifty minute sessions per week were planned. 

Miss Mortimer instructed most of the sessions, although I took over several 
times. We consulted on the material and its presentation one or two hours each 
week, in intervals of ten minutes to an hour. I was present for most of the 
class work. Of those sessions I missed, most were recorded on tape and one was 
recorded by a teacher's aide. 

In the reporting of the sessions that follows, the words following a T 

or an S (and not in parentheses) are an approximate condensation of verbatim 

. • / 

remarks of the teacher and student respectively. For the sake of compactness, 
several remarks that were in fact interlaced are often included after a single 
T or S. When the response of several students is being recorded, after a single 
S, this is denoted by a), b) , etc. Descriptive remarks are in parentheses cr 
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in paragraphs not prefaced by an S or T. The presiding teacher and the date 
are given for each session. 



Session 1 (Mortimer. Second week of February) 



The teacher had about thirty wooden dowels of varying length (approximately 
4 ,: -24 ; ’) and thickness (approximately l/8 i; -3/8 ,: ) . Strips of colored paper were 
fastened to each stick. 



T. I have two Sticks to show you today. What can you tell me about them? 

S. a) One has blue paper wrapped on it, andthe other has red paper. One is 
taller, b) One can tell it is taller because there is more paper on it. c) 

One looks taller, d) Put them together to see. e) Put both at the end of each 
other. The blue one sticks up further than the red. 

T* If we want to write that down in a short way, what could we use Instead 
of the word blue? 



S* a) You could put the stick on the board, b) Make it like an equation, 
c) Use B1 or B. For red use R. 



T. You have already used the signs to make equations short. Close 
your eyes while I put down a new sign for "bigger than". Which stick is the 
fat end pointing at? 



S. c.) ‘ooks like a sideways V b) It is pointing toward the big stick. 



T. What does B > R say in words? 



S. Blue is taller than red. 



T. One of you choose two sticks and hold them up. What can the rest of you 
say about them,. 



S. a) The purple one is smaller than the green one. b) (Writing on board) 
Green is taller than violet. 



The teacner picks up a blue and a red stick, then puts down the blue and 
holds up a white stick near the red. 












s, a) Blue is taller than red. b) Red is taller than white. 

Which ones have I not compared? Which of those two is going to be taller 

when we check? How do you know? 

S. a) The white and the blue, b) The blue would be taller than the white. 
Because I saw it. c) The white one was littler than the red, d) The blue 
one was bigger than the red so it is bigger than the white. 



The teacher shows two sticks and hides a third. 

S. a) Green is smaller than blue, b) (This student is allowed to see third 
stick, out of the sight of the class) pink is smaller than green, c) Then 
pxnk is smaller than blue (This is checked in front of class) , 

Pairs of children were given sticks to compare. Then the teacher compared 
her stick to one of theirs, and asked how the other would compare with her 
stick. 



Session 2, (Mortimer. Third week of February) 

I. (Holding sticks of not very different length) Tell me how to compare these 
sticks. How do I write that? 

S. a) Get them where they are the same, b) At the end. c) Use B for blue 
stick, R for red and the sign. (Writes B y LI on board, which is then read aloud 
by another student. Two more sticks are compared) d) Brown is bigger than 
pink (writes B > P) e) Pink is smaller than brown. 

T. How would you write that? 

S, (Writes P < Br) Little end points to P, the little stick. 

Each student took a stick and compared with a partner, each comparing 
from his point of view. 

S, (First student uses for ’’greater than” and is corrected) a) Mine is 
smaller than green (writes W ' G) • b) Mine is bigger than his (G > W) . 
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The teacher holds up two pairs out or three sticks.. 
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S. a) G > Br. b) Br > P. 

T. Which is bigger , green or pink? Why? 

S. a) (Many) Green, b) If pink is smaller than brown it must be smaller 
than green. 

T. We are going to use a new sign (writes ^> ) an "arrow". It looks like - 

and > put together. It tells us that from what we already know we know some- 
thing else ( writes R > B, B > Br R > Br* She then passed out a mimeo- 
graphed sheet - sheet 1 - and has them put in the missing ^ > < signs, 

according to the size of sticks standing up in the front of the room). 

Session 3. (Mortimer, March 4) 

The students made many comparisons among pairs formed from a set of three 
sticks at the board and with pencil and paper they all developed skill in the 
use of > , < , and symbols to express their verbal statements. 

Session 4, (Loroon, March 6) 

The first part of the session was taken up by review questions. The 

class needed no help and was skillful in the comparison of sticks, the verbali* 

zation and writing of results such as G 4 Y Y > G 

and Y -> G, G > R z== y Y > R 

Color tagged sticks were used most of the time, but toe response was equally 

good when a pencil, a long block and the front of a drawer (with handle) were 

compared. 

There was confusion on the part of some students when I tried to elicit 
the "two stick rule" in abstract form. 

T. If any stick we will call stick one is bigger than another which we will 
call stick two, is it sure that stick two is smaller than stick one? 

S. No, there could be another stick one smaller than stick two. 
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I had not made it clear to some students that the use of :: stick one !: for 



any stick was nevertheless for the same stick tnrought the proposition. Miss 



Mortimer also observed that the approach to the abstraction had been too rapid. 



leading to responses from comparatively feu students. 



Session 5. (M° r timer, March 11) 



The class was asked whether they thought the '’two stick rule ,! would work for 



any pair of sticks. Not being able to think of a counter example, the class 

> \ 

agreed that they would consider it to be a rule until they came across a case 



in which it did not work for sticks. In retrospect it seems to me that the 



"two stick rule" should be much less emphasized, being essentially a tautology 



(which the three stick rule is not). If one is bigger,: by definition, the other 

< 

is smaller. 



Session 6, (Lomon, March 13) 



X. Sometimes I will call this stick "stick one" and sometimes another. But I 



will keep a name for just one stick while I am talking about one problem or 
making one statement. When I say A > B B < A the A is the name of the 
same stick on both -sides of => , and so is B. Is A ^ E ~=> B < A always 
true for sticks? (The children all agree, without hesitation)* When we have 
a rule that works we can sometimes figure out something we do not know by 
seeing or checking. Host of you don't know my three children. My daughter 
Martha is taller than my son Dylan. Dylan is taller than my other daughter, 
Doirdre* If I don't tell you, and you have not seen them together, can you 
still tell me who is taller - Deirdre or Martha? 



S. a) Martha's bigger than Deirdre* b) It works the same way as with sticks. 

The rule may be able to save a lot of work. If I already know that the 
Eiffel Tower is bigger than the Empire State building (writes E.T. > E.S.) 
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and that the Empire State Building is bigger than the Prudential Center 
(E.S. "> P.C,) can I save myself travelling from Boston to Paris, or looking 
it up, to compare P.C. with E.T? 

S t» Ye s • EjT. ^ P . C « 

«r 

* 4 . - 

About half of the class seemed convinced that the rule was useful. 



Miss Mortimer asked review questions on the two and three stick rules. 



S . a) A ^ B b) A C . 

T. Now can anyone tell me if B 4C or B > C? 

S. (Several chose one, several the other. They checked and found C > B) . 

T. Let us try this again (This time the third stick was sho7;ter than the 

second.) Me have compared two sticks with a third but we still don't have a 

i 

three stick rule* Uhat must happen before we have the rule? 



for the time. 

T. If we check and find out that A>B, B ;> C and C > D, what can you tell me 
about A and D? 



S. a) A p D b) D < A. 

Examples of this "four stick rule" and the similar "five stick rule" were 



handled well by the children. Hie sureness with which they could handle the 
concrete examples was in contrast to their difficulty with the abstract pro- 



Session 7. (Both teaching, March 20) 



The class answered well. Then I asked the following, j 

* 

T. Will someone come up and compare this stick with this; and no*? with this? 



The students were unresponsive to this last question and it was dropped 



position 




Session 8 (Mortimer March 25) 

T» Compare the blocks in the first pair and in the second pair,, 

S e a) B > 0 b) R > W 

T, (Put R on B and then listed the signs = , -!•, .=.£> and ) 

Could any of these signs we already know be used to show that we are talking 

about how tall these two blocks are together? 

S, a) We could write R.^'^B, to show that R is put on top of B. b) We 
could say B •!- R* 

T, If we use that last suggestion, what would we write for the height of W 

on top of ? Compare the height of the two piles, 

S 0 a) 0 *!• W b) B J r R >- 0 W (Other students agreed that the sentence 
true) . 

T, The two bigger ones from each pair are taller when put together than the 
two smaller ones from each pair* What else can we say about the tx$o piles? 
How do you know that is right? 

S e a) 0 i W C B •!• R b) You just have to turn everything around. 

Another four blocks were used, for which the children suggested 
the piling and comparisons, and knew what result to expect when comparing 
the two piles, 

T, Let us compare the heights of some of you. It would be pretty hard to 
stand you one on top of the other, but let us see if we know the answer 
anyway • Will Chris and Fred stand back to back, and also Mary and Jean? 

S« a) C F b) M ^J, 

T. Now what would be true if Mary stood on Chris's head and Jean stood on 
Fred's head? 

S. C *:• M > F -J- J . (The class agreed). 



Session 9 (Lomon, April 3) 

T* How do you add two sticks together? Tell me what you know about the red 
and yellow sticks? About the green and purple stick? About pairs of them add 
together? 

S» (They put sticks end to end in a straight line) a) R > Y b) G > P 



c) R G > Y -S* V 

I ] 

T : How would you find the difference between these tf wo sti. ";s? 

\ 

x 

S. a) Y b) Y <R 

T. You have compared the two sticks correctly. I would like to know more 
about them. now. Show me with your hands how much bigger one is than the 

i 

other (The teacher puts two sticks side by side with a pair of ends together 
as for comparing. A student comes up and uses his two hands to bound the 
distance between the other pair of ends.) Very good. Can we draw the 
difference on the board? (After a while one student marked off the lengths 
of the two sticks on the board, bounding the difference with strokes 




difference ) • 



How would we write down the difference of green and yellow? 



S. G> Y 

T. Yes, but that doesn't tell us we are talking about the size of the 
difference. We want something like G * Y which says that we are talking 
about how long the two sticks are added together. Can someone mark off 
the difference on the board without first needing to mark off the sticks? 

S. a) G-Y b) (Holds the sticks together, places them on the board, and 
draws the chalk only along the end of the longer stick beyond the shorter 

8 tick. 
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^ They then compared G>Y and R>B and started to find all the differences 
for further comparison. Keeping track of the resulting differences became 

difficult. The children were told that we would try to find a way of organizing 

IS 

all these results on one big line. 

Sessions 10 and 11 (Mortimer, April 3 and 10) 

The teacher suggests that they mark off their lengths on one long line 

she put across the blackboard. She put an x on the line and called it a 

starting point from which they could lay out their sticks. She pointed out 

that they could compare or add sticks that were not in the room at the same 

time. In comparing sticks, both sticks were marked off from the starting 

point to the right. In adding, the first stick was marked off from the 

« 

t 

starting point to the right, and the second stick was started at the end of 
the first. The teacher observed that the work went well. 

Session 12 (Lomon, April 15) 
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The students made their own :I stick lines" by folding paper and 



marking the fold with pencil. They put an x on the line, and an s 
below that to signify "starting point* • 

T. What can you do with two sticks on the stick line? 

~ 4 * * 

S, a) Measure them, b) Compare them, 

T, Compare these on the board. How do we know which is bigger? 

S. a) The one that is bigger on the stick line, b) The one that goes 
further from the starting point, c) The one whose mark has some tiling left 



-J - '.Vv» 



over beyond the other stick. 

T. Does the end of the bigger one come closer to the door or .further? (The 
door is to the right of the board.) ; 

S. Closer. 

T. Compare the thumb and the middle finger of your right hand at your desk. 
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— S. X can’t do it. (They all try 
„_.e.hch other.) — •J’--..' - 




to put their thumb and finger beside 




T* Come up to the board and we will do it, ? ^(Thumb and finger are marked 

<% ■ ** 

off on the stick line) What else do you do with 
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S • Add them. 

The students put sticks end to end. They mark them on the stick line 

i 

end after end, and also add thumb to middle finger. 

T. What else can we do with sticks besides adding them? 

S, Subtract them. 

•1 ...... - 

i • 

j They find the difference by holding the sticks together. Then they 

work it out on the stick line as follows, 

T, Can you mark it off so that A - B starts at the starting point? 

Think about it before we meet again. 

■t 
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Session 13. (Lomon, April 17) 
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White paper and yellow and blue pape ' sticks (Y <T B) x^ere passed out. 



The children were asked to fold the white paper and draw 1 stick lines 1 ', with 



the starting points towards the left. The desk work was also demonstrated 



on the blackboard by students (with tagged sticks) 



T, Mark the length of the blue stick. Compare the yellow with the blue. 



Add the yellow to the blue. 

. .3 _ 

S. a) — ^ 



b) 







B > Y 



c) 



s 



... _B+Y 

h 



B » ~~Y 

T. Where was one end of B placed? , In which direction did we place the other 



end? Where was an end of Y put? In which direction did we put the other end 



of Y? 



S. a) At the starting point, b) Towards the door, c) At the end of B. 
d) Towards the door. 



T„ If we want to find the difference, B-Y instead of B+Y, which way could we 



point cne Y stick from the end of B, 



S, X know' In the other direction. To the window. 



T. Everybody do that on their paper. Find B-Y, 

B 



s. 



B-Y 



Y - 



T. V’juu a raw "stick line 11 now. Mark Y on it and add B. 

Y _ 3 - 



S. 



iftt- 



zS'- 



T. Bw let us subtract B/‘ We will find Y-B instead of B-Y. Can it be done? 
S. /Some students thought it could not be dene, but others went right ahead) . 




m .. .— i •jw****‘r, f.f > V.* 









15 . 




T. What is different about Y-B from B-Y? 

-S. -We end up on the' other side of the starting point, by the same amount. 
T. That is right! When we subtracted the smaller stick from the larger 
stick we ended up on the door side of S. When we subtracted the larger one 
from the smaller we ended up on the window side. 
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This lesson and the following ones use the ’’operational method 1 ’ with 
very good results. The mathematical operations are made to correspond to 
mechanical operations of which every detail is prescribed. Then mathematical 
generalizations , such as subtracting a larger from a smaller quantity, are 
discovered by performing the same mechanical operations which are still 
found to be possible. The students surprised themselves by finding out what 
could be done, and they were delighted. 

Session 14. (Mortimer, May 1) 







v. V 



T. What am I drawing on the board? What’s missing? 

S. a) A stick line, b) The starting point, S. 

T. X have two sticks here. When we add, do we go toward the window or the 

door? " (* 

S. To *-he door. - 

colored paper band 

T. These sticks are marked with a felt pen, r i b — > e f jj 

What do you think the b on the blue stick stands for? What about the e? 

Where does the arrow point? 

S. a) For "blue” _ b) . . X__think it\s_f or. "beginning" c) The e stands for 
"end", d) The arrow points from' the beginning to the end! 

T. What about the marks on this smaller orange stick? 

S. The arrow goes from b, which means "beginning", to e, which means "end". 










16 . 



T r I want us to find (writing) BvO. What do the Capitals B and 0 stand for? 
Which end of B do you think we should put at the starting point? Where does 
the other end go? 

S. a) They stand for the blue and organge sticks, b) We would put the 
"beginning" at the starting point, c) The e goes towards the door, 

T« Now I will add the orange stick with the '’beginning” of it at the "end" 
of the blue (puts up i h ^E ZP~ I ) » Is the arrow right? 



S. No, it should go towards the door. 









T, What should X mark for the total length? Do you all agree? 

S. a) B -I- 0 b) Yes, j 

T. Now let us try B-0, Will someone read what that says? 

I 

S. The blue stick minus the orange, 

T. Show me how to find the difference between the two sticks. 



S. a) 

b> 
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T, Does the arrow go toward the door? We have some stick left over. What do 
we call that part? § 

S, a) (many students) No l b) We call it B-0, 

T. Now let us change to 0-B. What do I start with? Who can subtract the 
blue stick? We need someone very smart, 

S, a) The orange stick (marks off 0 readily) b) (Subtracts B according to 

■ ' • 0 

the prescription) , j h — — 

TJ — 

-T. /Which way do we go to subtract, everybody? Where do we end up? Did we 
have enough stick? 

S, a) (Chorus) To the window, b) On the other side of the starting point. 




The orange stick wasn’t big enough. 

We had to borrow some stick. Who can put their fingers on the place 



j 






ERIC 



is; 






T. 



where we had to borrow? Who can put down the letters that describe what wa: 



borrowed? Read it. 



S, a) (Puts a finger at e of B and another at S) 

b) (Writes 0*-B) c) That says orange minus blue. 



The teacher distributed paper and 'j?Cvper sticks”. By folding twice the 



children formed three stick lines. They marked starting points near the 
middle, 

\ 

t 

T, Each one of you find G-Y and show me how much is left over, (The students 
do this successfully with some variation in positioning of sticks) , Take 
your green stick now and matk it with b for beginning and e for end, putting 



an arrow in between. Do the same with the yellow. For G-Y which stick 



do I use first? Which way do X point it? (A student properly positioned 



the green stick at the board. After agreeing that this was correct the class 
did the same at their desks with paper sticks) . Now to show -Y, do we point 



it towards the door or towards the window? (Again a student demonstrated 
at the board and then the class marked off at their desks.) What have we 
just found? What letters do we put down to mark it? 



S. G-Y. 



T. New hold up your green and yellow sticks; holding the two ends together 



to compare them. Hold your fingers as far apart as the part left over and 



then put them down on the stick line. What is the distance the same as? 



S. (The students were hesitant or confused for a few minutes, probably 



because the answer was too obvious,) It is the same as the distance G-Y s 



1 



n 

a 

$ 



$ 






J 



18 , 



Session 15. (Loinon, May Sr, ..Tape recordings were made of this and succeeding 
sessions) 



T«* You have probably been wondering why we have been learning all these 



rules. We are going to play a game in which we need to know how to handle 
the sticks. Let*s check on a few things at the board before we start the 
game. What kind of line have I put on the board? What do I have on the 
line? Where is it? 

S. a) A stick line* b) A starting point, c) In the middle » 

T* How long can I make my stick line? (Several hands come up) , Anybody 
else know? 

S. As long as you like* 

T« Does everyone know that? 

S, It can't go further than around the whole world! 

T, We could get a big space ship and pull it out much further. 

S, You would run out of chalk. 

T. Are your sticks all ready? 

S a a) Ho, they need arrows and letters, b) You mark b at the beginning 

* * 

and e at the end, c) The arrow goes from the beginning to the end, 

T. Who will add the blue stick to the starting point? Somebody seems to 
disagree. Come and do it the right way and tell us what is different. 



S. a) 
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b) uh - oh! uh - oh! 





The b should be put on the s* 



T. 

S. 



Which way does the arrow go? 
a) Toward the window, b) No. Toward 




Yes, the door. 



is* 

T. One of you did it the right way and one the wrong way. Did it make any 
difference? __ 

S, No, They came to the same point „ 

T. That is an interesting result and we will look into it on another day. 
Sticking to our rules for now, do we start with b or e. 

S. With the beginning. 

T. For adding the arrow points to . ,.? For subtracting. . 0 ? 

S* a) To the door, b) To the window. (All the class agrees). 

I 

T. You have a brain twister to think about. Ws started with the other end 
and had the arrow pointing the wrong way and he came to the same place. 

So Because he turned it around, ^ 

T* Let me turn it around but put b at s. Do I get to the same place? 

} 

What was I doing by our rules? 

S, a) No. b) You were subtracting, 

T* Let us give names to these points. What should I call this where we 

added the blue stick? 

S. Capital B a 

l 

T* Here I subtracted* What should I write? How many more know? 

S, Blue minus blue. 

T* If I take blue from blue what would I have left. Try it on the board. 

Where is the end? So B-B is equal to...? 

S. a) Nothing, b) At the starting point, c) Zero, 

T. Or nothing. Nov; do we have a name for taking B from the starting point. 
How can I write down "minus blue"? 

S. First put minus, then a B for blue. 

T. To. make„sure. everyone Jcnows which is which I will sometimes use +B for 
an added blue stick. Will someone ploase subtract the yellow from the blue? 




Is ha doing it correctly? Watch carefully because you will have to do the 
same on your sheet* What do we call it? 

S, We ceil the part from here to here R-Y, 

T. Yes* Vie can also call this point B-Y, because it is that far from the 
starting point* Someone please put up "minus yellow" for me. What do we 
call that point? 

S. -Y. 

T, Yes this path or this point can be called/ -Y. l|e are now ready for the 
game. We will let you work in teams. In a team everyone can help each other, 

S, (They are separated into teams of four). What is this blob for? (They 

are looking at Sheet 3.) ( 

T, I will tell you. You are to mark off the things . listed at the top, 

+B •; Y, +B -Y, -B 'i'Y and so on. One or maybe more of these two stick 
operations will end up in the little blob. The team which finds out first 
wins the game. The whole team should have checked and agree, before bringing- 
the answer to me. Any questions? 

S. What do we do? 

I 

T, You take your sticks and try the things at the top of the page. One of 
them will bring you into the blob. Will *B +Y bring us into the blob? 

S. a) No, It goes toward the door, b) Is there just one answer? 

T. Not necessarily (The teacher goes around helping the teams having 
trouble",, These two teams have come in even. You can look for another 
answer. Some teams have the wrong answer, so you should all check carefully. 
-B +Y aid *!-Y -B are the correct answers. We will check it next time. 

Session 16, (Lomon, May 8) 

Cltss arranged in the same teams as before. 
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T. You will have five minutes to check your answers. Circle the ones which 
end up in the blob. We will check the answers later, 

S* a) X finished already, b) -1Y-B works. 

£ 

T, Good, See if you have all the answers. The experts will show the rest 
of the class, , 

S. a) We finished ours before you did. b) They’re wrong 1 . Mine will work, 

T, (Spends a few minutes helping the slow teams). Okay class, Most team3 
have found answers, and most have found a right one. Everybody follow while 
wa check at the board which ones fall into the blob, What do I need on my 

line, 

S, A starting point and a blob, 

T, When we took Bsway from B what did we get? 

S, Nothing. 

T# Yes, back to the starting point we can call nothing or zero, (Marks 0 
at starting point) , Who has the right answer? 

S. B-Y. 

T, Try it at the board, everyone else at their desks, 

S, (One student puts up +B and another -Y, They tell the teacher which end they, 
are applying and in which direction they are putting the arrow) • 

T. What do we call the point we have ended at? 

S. It is Y. 

T. We have brought Y back from the end of B, If we just said -Y where 

would we be? (A student positions Y backwards from the starting point). Fine, 
that is -Y. What is the one we had before? Does it come in the blob. Try it 
again. Most people found it din* t work, just as it didn't on the board, 

S, a) -5-B -Y, b) I know which one works -l-Y-B. 
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T* Ons of you at tits board and the rest at tneir desks* Yes, you cun bring 
your paper to the board* How did she plac_*»Y? Where is she to place **B? 

S. a) She put b at s. b) The arrow to the door, c) (Student at board 
falters). She can't do it because Y is smaller then B. 

T. Let's see if someone else can do it. Is she doing the right thing. (The 
class notes that she put the b of B at the e of Y, and the arrow to the win cow , 
and agree that this is right) • It ends up in the blob as you can also see at 
your desks. So this is a right answer* There is another which you can check on 

Session 17. (Mortimer, May 13.) 

The teacher gave out new sticks (violet and red) and stick lines marked 
vith blobs. The students tried the different combinations of two stick 
operations to find out which ones landed in the blob. They were in the same 
teams as before, and finished in about ten minutes. 

T. Will someone in this team tell me one of your answers? 

Si *V - R. 

T. Which stick do I take first to try it? Where do I put it? Which way do 
I put it? 

S. a) The violet stick, b) At the starting point, c) To the window. 

T. How tany agree it is to the window? Which stick do I take next? 

S, a) (The class disagrees) No, to the door, b) The red stick. 

T. Do I put it at the starting point? Which way? Where do I end up? 

S. a) No, at the end of the first stick, b) To the window, c) In the 

blob, d) That answer is right. , 

T. Will someone from this team give me. your other correct answer? 

S. ~ -R * V. • 

T. (She has the children guide her placing of sticks as before). Where do 




~ S, ~ (In chorus) In the blob. - - - * .. . 

..... -T* — T have written a secret in this box abc t the partners -R -S-V and +V -R. 

When you know the secret, raise your hand, 

.S, They both have - and -!* and V and R, 

T. So does -V *R. Is it a partner too? 

S. Both of the equations bring you into the blob. 

t 

T. Yes, but why do they do that? Not only do they have the same signs and j 

letters, but they are just turned around. The first one has a d-V. Who can | 

find a (+V) in the second one? Who can find a (~R) in 'both? Where is the 

•J-V in the first? In the second? | 

S. (They find the symbols requested) a) At the beginning, b) At the end. | 

T. (Pointing to *;-R -V) Put a square box around this one and put a square 

box around its partner. (The students work for 3 minutes). Who can tell j 

me what the partner is? Read both partners. 

S. a) -VvR. b) +R-V, -V+R . j 

In order to progress to the "number line", work with "signed" sticks 

•• 

was stopped here. It would seem worthwhile to extend this type of work 

I • ■ j 

further, as a prelude to vectors. The well defined operational methods 

should allow a discussion of "subtracting a negative stick"; and thus be of j 

help in the tricky probelm of (- x -) , which one would like to teach by third 
grade. A negative stick would be one with an arrow going from e to b, Addi- : 

tion and subtraction would operationally be the same as for positive sticks. 

The b of the second stick at the e of the first; the arrow points right for j 

. .. . j 

addition, left for subtraction. j 

Session 18. (Mortimer and Lomon, May 15) \ 

(Mortimer) j 

T. (Spreads a huge piece of brown paper across the blackboard. It has a i 
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long line on it, mailed with ink,) He have something special to do with this 
giant stick line, What do we usually ha/e on. a stick line that is missing;? 
What else have we called it? 

S. a) The starting point, b) Zero, 

X. Mr, Cumming. asked me how much chalk I used every day, I showed him a 
piece this long, Ke said that he would like to send me a piece every Monday 
morning, big enough for the week, Monday to Friday. Help me figure out hew 
big a piece I should ask him for. How do X find out how much X use in two 
days? 

S, Put two pieces on the stick line, 

T, It is hard fot me to hold up two pieces together, I may only have one 
of this length, 

S, Mark the end of the first piece, then put it down again, 

T. Where do I put the first piece? Where do I put a mark? How should I mark 

this place? 

S, a) Right here at zero, b) Put a mark at the end, c) Put a 1, because 

it is just one chalk and it will last one day. 

T. In two days, how much do I use? Show me. 

S, a) Put the mark here, b) Mark it with a 2. 

i * 

J 

The teacher goes on to 3, 4 and 5 days in the same way. She has students 
hold their fingers over the size of chalk needed at each stage. 
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T. It is Friday now. (A large fraction of the class volunteers to measure 
at the board.) - What numeral shall I put on the end? Show me with your fingers 
how long a piece Mr. Cumming has to send roe. What should I put down to remind 
us that we have added and moved toward the door? 

S. a) 5. b) (The student puts fingers from 1 to 5 and is corrected by class) 



c) Plus, 
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T. Nov?,. instead of being given some cbe-k, we have used up Monday's part 
of the five day piece. Show rue on the stick line how much is left. 



S. You have the piece left over and you can put it on the line. 

T. Yes, but X would like to see the used up part taken off the piece for the 
week. Ue have to go to the window. You show me where to start. Good girl. 
With what kind of numeral do X mark this removed piece? 

S. a) Cross out the 5 and put 5-1 « 4, b) Put -1 under the piece taken away. 
T* Tuesday we took away what we needed. Hark that. What sign do we use? 

S. a) (Correctly subtracts a unit piece from 4) . b) Ti ie whole thing taken 



away is -2. 



T> Show me where we end up Wednesday? Thursday? Friday? What signs shall 
I put down? 



at blackboard) a) -3. b) -4, c) -5. ^ 

To Show me with your fingers how much would be gone. Good girl. Who can 
think of a name for our line? w<s uo&<t to call it a stick line because we 



measured sticks. 



S. A chalk line. 



To We could call it that, but wc can also measure other things. Looh at 
what wa marked on the brown line. 



S. A number line. 



T. Good. I had a cold last week and had to stay home for three days. Each 
day X used up a long handkerchief, as long as this chalk. Would someone show 
me how much clothesline X needed after three days. That's a girl. • How much 
if I had been sick five days? Thank you. I have five on my line and now X 
take one dotm that X need. How much is left on the line? Good for you. 












(Lomon) 

T. How many know how much cchalk we would need if we also came in Saturday? 
Where and how should I mark it? 



S. a) Put another one on the end, b) Hark it at the end, c) *6. 

T« What would happen if I wanted to go on day after day, could I keep 
making more and more marks or would I have to stop? Where? 

S, You would have to stop. At the end of the line, 

s 

T, Show me the end. Do I- have to stop there? Is thei^e something I could do? 

S. Move the zero, 

T, . I would lose some of my first points, 

S, Put on another piece of paper, j 

a ; 

T. Show me where I would put it. Could I get more and more paper if I need 
lots of numbers? Another problem now, Mr, Gumming gave us that piece of 
chalk that ends up at 6, But someone dropped it bring it here and 

this dirty piece. The rest is in the cupboard. Somebody coma and find out how 
much is in the cupboard. 



S, 3% is left, | 

T, You did that in your head and you are about right. But hew could you 
check It on the line? 

S, (Measures from zero) 2£, 

T. That is how much broke off. Show me how much we started with and then re- 
move the broken part, (A student subtracts correctly. Then two other similar 
examples are done at the board,) 

S, - a) There is a day and a quarter left, b) At least one day, c) Not 
enough for two days. 

Session 19, (Mortimer, May 20) 

(Lined paper and a selection of Cuisenaire rods were distributed to the 
students.) 
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. X, Which rod will we use for the unit, 1? Which one for 2? For 3? For 4? 

For 5? 

o 

S. a) The red ones, b) Violet, c) Green, d) Brovm. e) The orange rods 
are for 5. 

T. With a little magic I will make these rods into pieces of chalk. How 
many days do you think it would take us to use this piece. (She holds up the 
orange rod.) 

S. Five days. (They correctly indent ify the other four pieces.) 

T. We get this (orange) piece on Monday. Do we mark it to the window or the 
door. Tuesday morning we want to subtract the piece we used on Monday. Where 
do we place it? Which way do we put it. r ‘ 

S. a) We add it. b) Put it toward the door, c) Fut it at the five, 
d) Toward the window, e) We end up at the 4. 

T. It is now Wednesday morning. Subtract it again. Where do we end up. 

(The children respond quickly and correctly as each day's chalk is accounted. 
They use a finger to mark their last position.) 

S, (Subtracting Friday's ration) We end at zero. 

T. We are starting again with Mr. Cumraing's big piece on Monday. I broke 
off a piece as big as the green one and it: is too dirty to use. Find out how 
much I have left. 

S* a) We end up at 2. b) at 3. 

T. Remember you start from 5. (They all agree on 2.) The violet one will 
do for Mondays apd Tuesdays. Subtract it from where we are now. Where does 
it bring you? 

S. To zero. 

T. I will borrow chalk from next door until we get our new supplies next 
Monday. Where do you think I ought to put this piece we use Wednesday? Where 
did we last end up? Which way are we going? Where do we end up? 
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28. 

S, a) At zero, b) To the window* c) At -X, 

T* Take the red piece again and show us where we end up Thursday. 

S 0 a) At -2* b) At -3 on Friday. 

T. On Monday we get the orange piece again. Put it down so that we will 

know what we have left over after paying back next door. Where do we start,* 
S c a) At zero, b) At -3, 

T„ Yes, where we ended. Which way do we go? Where do you end up? How many 
found the same? 

S, Two days (Many students express agreement.) 

T. How much more should we ask Mr, Cumming to send so that we have enough 

for the week? Which rod? 

S, (Excited volunteering) a) Three more days, b) Green, 

Put your green and violet rods end to end. Which one would be just as 

long? Try it. 

S, a) Brown and orange, b) The orange one, 

T« We start again Monday with a weeks supply. It snows heavily Tuesday 
morning and there is no school all day. Take off the other days. Do we have 
to borrow, is there chalk left over, or do we end up at zero? 

S, Chalk is left over (general agreement), 

T, How much? How did you figure that out? Show me what is left. 

S, a) One day, b) Because we missed a day. c) The red stick. 

At this point, activity has transferred to known number line techniques 
with integers. It is hoped that later work with fractions .will be handled 
more easily because the work has started from the continuous "stick line". 

It is also expected that subtracting’ from zero is seen in a less special 
light, because of the stick operation rules. 
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29. 

Session 20 (Mortimer, May 22) 

In this session the Madison Project ’’‘Postman" unit was used. Checks 
delivered by the postman are equated with an addition to the supply of money 
or bank balance of the recipient, > Bills brought by the postman are equated 
with an immediate decrease of the money supply, and all the changes are 
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pi 







monitored on a number line. We wanted the students to have more practice 
in the addition and subtraction of integers. This included starting and 
ending at negative values, as the bank balance could be negative. In addi-, 

t 

j I 

tion, we wanted to observe the transference of the jj.deas to representation of 
quantities that were not lengths, and’ the ability of the classroom material 
to be merged with that of other curricula. The students reloaded very well. 
In the next session we describe in detail their handling of "postman" 

t 

material in a competitive context, ' 

Session 21 (Mortimer, May 27) 
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Cuisenaire rods and paper with number lines were passed out. While 
Miss Mortimer directed the activity and discussion, Lomon walked around the 

class answering the questions of individual students, 

1 

T, Hold up the rod we use for one and tell me the color, 

S, Red, (This is repeated for two, three, four and five,) 

T, Where do you put the first rod on the line? 

S, At the zero, 

T, If I give you a check and you want to mark that, which way would you go? 
If I give you a bill? 

S, a) To the plus side, b) To the minus side, 

T, Here is a $5,00 bill, Eow do you mark it? 

S, I start at zero and go to the minus side, 

T, Pick up the three rod. Where do we start it? 
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S. At minus five. 

T. " Good! "At the end of the lest rod. Tr_s is a check for $3. 00. Which way 



do we go from the end of the 5-rod? 

S. a) Towards the window, b) Ho, towards the doors 



T. Where does the other end of the rod end up? 



S. At minus two. 

T. (Shewing two huge stuffed, fuzzy animals.) Here are two friends of yours, 
-bar lie and £am. They are being sold today. Who will try to get them? I will 
tell you how much they cost and you have to reach there on your stick line. 

If I sey he will be sold for $3.00, vrhere would the rod have to end up? 

S. At plus three. (Many students ready to give that answer.) 

T. I am going to tell you about the checks and bills you received, and the 
first one who tells me, correctly, that you have reached $3.00 will get Charlie 
A bill for $2.00, then a check for $3.00. Paise your hand when you think you 
are at +3. (One hand up.) You* re not right. Now another check for $2.00. 



Where are you? 



S. At +3. 



T. She gets Giarlie! Now we have to sell Sem. lie will be sold for $5.00, 



Where does your rod have to end up? 



,S. At minus five. 

T* Could you buy Sam with minus $5.00? i/here should you end up? 

S. a) No. b) At plus $5.00. 

T. You get a bill for $U.00. Another bill for $1.00. Then a check for $5.00. 

S. a) You are at +1. b) At zero. , 

T. You are back at zero because you were at -5’ before. Another check for $2.00, 
Where are you? Now a check for $3.00. 

S. a) at +2. b) Nov we are at +5. 
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T. You vin. How I will sell Charlie for only $1.00. You first get a check 
for $4.00. 

« 

S. a) You have to end up at +1. b) I have enough • 

T. You are right. But in this game, I have no change and you have to end up 

exactly right. (Goes ahead with a bill for $2.00, another bill for $2.00, a 
check for $1.00. Then asks last holder of Sam how much to sell him for and does 

so. Repeats with Charlie). Now I will change the rules. If you have more 

money you can buy, but you have to tell me how much change I have to give you. 

If I was selling Sam for $3.00 and you had $5.00, could you buy him? And 

vhat would you have to tell me. • 

S. a) Yes. b) That there is $2.00 in change. 

$ 

i 

T. I will sell him for $6.00. Starting at zero you get a bill for $2.00, then 
a check for $5.00. Another check for $3.00. 

S. (Hands go up.) No change. I have just $6.00. 

(Teacher sells Charlie for $4.00, a student asking for $1.00 change on $5.00. 

The students enjoyed the game and developed good facility with the needed 
number line movements.) 



Session 22 (Mortimer, May 29) 




The following variations of the game of the last session were played. 

a) When too much was withdrawn from the bank, the banker demanded that 
the students sell an animal to replenish their balance. For instance, if 

— $3.00 was set by the banker (a debt to the bank of $3*00), the students were to 
raise their hands on receiving a bill that brought them to or below that mark. 

b) The students were asked to observe the crossing or reaching of either 
of two bounds (an upper and a lower) set simultaneously, i.e. If they coved 



o 















below -03. 00 they had to sell an animal to the banker. If they moved above 
+$2.00 they could buy an animal back. Abou + 9/10ths of the class showed 
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facility with this game. Some students had a discussion concerning ”-5 is less 
than -3". 



Session 23 (Mortimer, June 3) 



T. We have a new stick and a new problem which we have never, never seen before. 
Who remembers when we were getting a long piece of chalk for each five days? 

One day Mr. C. brought it to me and I dropped it. The piece that broke off 
was longer than one but J_ess than two, and it fell right between. I suddenly 
realized I needed something new on the stick line. What did I need? 

S. A half a day. But we could put another half-day of chalk to it to have 



two days worth. 



T, If we put two halves together, what is it the same as? 



S. One whole. 



T. Like our red rod. This is the rod I use for half a day; just for the 



morning. What do we have to put on our stick lines? 



S. a) An "s". b) We call it zero now. 



T. Who will mark up one days worth on the board (a student does so). Now 
I want to find out how much I use in a half day . Who will mark that up . 

S. (Subtracts a half from +l). I started from where the other one ended. 
I went toward the window because it is subtracting. 

T. What numeral can I put there? How are we going to number it? 



S. One minus two. 



T. How much is that? 



S . Three 



T. Not quite. You would owe. How much? 



S . One . 
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T. Now what will we call this point we reached with the 1/2 chalk? 

4 y 

S. One and a half. 

T. This point is more than zero but less than one. 

S. One half. 

f. Who will mark on the board how much we need for all of Monday and half of 
Tuesday? Show me how much we need for one day. (Student working at board). 
In half a day. Where do ve end up? Good. What is the name of that mark? 






S. Three. 

T. l.o. This is one and we have added another half. Show me with your hands 
how much we used in 1 1/2 days. 

S. a) One and s. half, b) (dhows interval at board). 

T. Show me for two days. What is it called? 

S. +2. 

T. Show me for 2 1/2 days (Students points to 1 1/2). Where is your hand? 

S. At 1 1/2. 

T. So now show me 2 days (done). Now how much for 2 1/2 days. What do you 
have to do to get from 2 to 2 1/2 (dene). What is the name of the point he 
found? 

S. Two and a half. 

T. What am I going to ask you to find now? 

S. a) 3 1/2 . b) 3. 

T. I would like 3. Is that more than 2 1/2 or less? More, so we have to 

add another .numeral (see comments at end of session). How much more do we need 
to make 3. 

S. 1/2. 

T. Good. Put a half on. What do we have next? 

S. 3 1/2. , 
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T, Let us see how quickly we can finish ths line. Fut up 31/2. What name 
does tha/t mark have? 

S. a) (Marks 3 1/2). b. (Shows response from a part of the class) 3 1/2. 

T, iiow come and make 4 (This is done). What do you suppose I would like next? 
And after that? 

S. a) (In chorus) 4 1/2. Take a 1/2 and put it where +4 ends. (Marked up) . 

t>) +5. c) Yes that’s it. (marked on board). / ^ 

T. Close your eyes for a minute. Think of a piece of long paper that goes 

around the room, out of the door, down the street and into the center of 
Lexington. If I had such a long piece of paper would I| have to stop at 5? How 
many agree? j 

t 

S. a) Ko. b) Because it is so long, c) You cannot go down the street be- 
cause cars are in the road. 

T. We will pretend there are no cars. But do we have numbers? 

S. Yes. 

T. We do! We have numerals (see comments below) to get us all the way into 
Boston. Who can tllink of a number bigger than 6000? 

S. Infinity, 

T, Yes, it never stops. What would we do with the other side of our numoer line; 

S, Mark it to -5, 

T, Would we have to stop there? 

S, a) No, we could keep going as long as we want* b) Where would we get the 

paper? c) What happens when we wrap up the 4 world? 

* • . v; 

T* I would like to see minus one-half marked on the stick line. What point do 
we get to when we take away one-half? 

S. a) One minus two (apparently misreading the numeral 1/2). b) You end up 
at A 1/2. 
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T. But if we start at zero and have to borrow, where do we end up? Are v;e 
on the plus or minus side of zero? What will I name the point? 

S. a) On the minus side, b) Minus one~half* 

T. What would happen if I borrowed another 1/2 a chalk from next door? 

v 

(Mark it up on the board). Now X have used chalk for the morning and the after- 
noon. What did I use in all? 



S. A whole. 



T. Two halves is the same as a...? 



S, a) A whole, b) One. 

T. And if we have been subtracting? 



S • Minus one • 



T. Now it is Tuesday and I have to borrow for the morning. Who can put that 
on che line? (Quickly performed). What will I name it? Plus or minus. 

S. a) 2 1/2, b) 1 1/2 . c) Minus. 

T. What do you suppose the next point will be? Who can put it up? - 

S. a) -2. b) (Marks point). 

T. And after the -2? What comes between them? Put it up please. 



S. a) -3 • b) -2 1/2 . c) (Marks point). 

T. Show me with your hands the length from -2 1/2 to zero. From zero to 3. 
From zero to -1. From zero to 3 1/2. From zero to -1/2. (The students come 
up to the board one after the other, designating accurately). Good for you. 



In the above the children expect and accept 1/2 *1-1/2 = 1. It is left 



for session 25 to make this 



into an operational way: of finding a half-stick. 

It i3 worth noting, consistent with an assertion often made by David Page, that 
if teachers use the word "numeral** they more often, than not use it where 
"number" would be more appropriate. There are two examples above, but I have 
noted that result manv other times with different teachers. In this case, the 
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the children hive not been impressed by the distinction, so that no harm is done. 
It does indicate that one is probably better off dropping 11 mime r a 1" altogether 
from the early vocabulary. 



Session 24 (Lomon, June 5) ■ 

T. For a long time we have been watching how sticks work, finding stick rules, 1 

making stick lines, and so on. This morning we will look at something that might | 

work differently. But first, we have to remember the stick rules. Does anyone j 

* - ^ 

remember the 3-stick rule? .• | 

i 

S. You compare one stick with another, and then with a different one. Then one 

■; 

will end on the stipk line first, starting from zero, another will come next, and 1 

th ; last after that, * J 

T. Yes, there is a definite order. That is a very good way of putting it. Com- 
pare these two sticks (goes around for whispered answers). You all agreed that 
blue is bigger than green. Row do we write that? 

S. B > G . : -i 

■ ■ j 

T, Right. Someone told me the 2-stick rule, I don*t want to concentrate on ^ 

•J 

-x 

that today, but what does it say? 

S. G < B. 1 

T» Now compare these two sticks. j 

S. W. j 

' 

T. (Writing G B > W on board). I separated the two statements by a comma 
to show we know two things. What else do we know because of the 3-stick rule? 

We know one more thing because of these two. What is it? (Listens to whispered 

answers), That f s right; anybody else know something about blue and white? J 

‘ ' '■ 1 

(Students are groaning for attention). You put the 2 and 3-stick rules together. J 

Very good. New the 3»stick rule says that if G > B and B > W we know ...? 



S. G > W. 
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T. And hov/ do we make a sign that says it follows from those two? 

S. A double lined arrow# 

T# Right (Writes G > B, B > W G > W) #• Other people told me W < G 
which uses the 2 and 3 stick rules together. Do you think the rule is true for 
any 3 sticks? If the first is bigger than the second, and the second bigger 
than the third, will the first always be bigger than the third? (General 
agreement)* Do you think it is true for anything we may call bigger than 
something else? 

S# No. 

t 

T* that is very interesting* How many of you know a Japanese game called 
•‘paper, rock or scissors?*’ Come up and demonstrate or describe it. 

S* Two people play, They put hands behind their backs. Then someone calls 
out "paper, rock or scissors’* and then you pull out your hand showing ’’paper", 
"rock" or * scissors." 



T. How do we know who wins? 
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S. It is something like ‘’ shoot" with even, and odd. 

6 

T. Winning works differently in that game. ^ ,, 

S* If somebody get scissors and somebody gets^ rock, rock wirMi"' ,£/ 
T. Why is that? 



S« Because rock breaks the scissors* 



T„ (Writes "Rock breaks scissors.") So rock wins. Those who know show the 



sign for rock (a clenched fist). Show the sign for scissors (spread index 
and middle fingers). What i3 the sign for paper? That*s right, a stretched 
hand, thin like paper. If paper and scissors are put out tjhich wins? Why? 
S* a) Scissors, b) Because ‘scissors cuts paper. 

T. (Writes "scissors cute pap or') , If paper and rock are put out? 

i 

* 

S. a) Rock wins, b) No, paper. 
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T. They say (writing) "paper wrap rock". 

S. The rock may put a hole in the paper and fall out. 

T. I have big bags of gravel at home, and the bags do pretty well. Does every- 
body have a partner? I will say 1, 2, 3, go. Put out your hand with one of the 
three signs when I say go. 1, 2, 3, gol Look at your partner and see who wins. 
You both put out rock, so neither of you win. Who won in your case? Why? 

S • Because I had paper and he had rock. (Each pair says who won and why). 
Scissors can*t beat scissors. 



T. Scissors is scissors and red is red. To make it more like mathematics, what 
can I say instead of scissors beats paper? 

S. Rock breaks scissors. 

..... . . 1 : . 

T. What mathematics symbols could I use for that? 

S. You can put "rock is greater than paper." 

T. Very good. Let us see if that will work or not. Is it fair to put (writing) 

r > 8 ? (Assent). Bernie, if you see what is coming up, keep it to yourself for 

now. The words "greater than" are not Important, but let us use the 6ame symbol, 
the bigger q-nd pointing to the winning object. 

S. (They all ask for another play). I won. I won. I won. 

T. Everyone who won put up your hands. Who lost? Who tied? I am glad that all 

those who tied are in pairs (Marking S and P on board). Which way does the sign 
go? Which wins? 



; \ . -v-V *' :V * : 



S. a) Scissors, b) Turn that sign (in r >s) around. 

T. Is scissors less than paper? • ,7. 7 

S. Turn it around- ■ lagataw&jX .77. ' 

T. How many think it should be this way .' t and how many this way? (Most prefer 
e>p)._Row about paper and rock? How will we write that? 

S. a) Paper wins, b) (The students write p>r at desk, as teacher goes 



around class). S > p means scissors beats paper. If I want to say paper beats 
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rock, what do I write down? (This student responded slowly, but gets it). 

What if I wanted to say paper is beaten by scissors? (Writes p> s) Is this a 



good way of writing it? 

S. a) If the paper had tough edges it might win. b) No. Paper isn’t beaten 



by scissors. 

T. Let us compare the three statements, r>s, s ? p. If we could use our 
- 3-stick rule what could we say. Over here we have G ^ B , B > W=^> G y>W« 



S, We know p ^ r. 

T. We know that for the game, but is it true for the 3-stick rule. 



S. It agrees with the backwards one. 



T# (Missed the aptness of the last remark) . What would our old 3-stick rule say 



S* r ^ p . 



T. r c* s and s > p. Using the 3 stick rule what can we say about r and p, 
How many think it would say r p? How many think p ^ r? Look back at 
G >B, B > W, is W> G? 



S. No, G> W. 



T. We could think of a green rock, blue scissors and white paper. Letting the 
colors stand for the things, what could we write for r > s and s^p. 

S. a) For r>s, put G > B. b) s>p goes to B>W. 

T. Now ompare what we have for the sticks with the 3-stick rule for the colors 
Is everything the same so far? What did our 3-stick rule tell us? 



S. G^W. 



T. Yes. Here it means that the green rock beats the white paper. Is that ttue 
in this game? (Head shaking from class). The 3-stick rule doesn’t work for the 
Japanese game. We can’t arrange the things like 3-sticks. Why doesn’t it work? 
If I told you that John always beat Bob, and Bob always beat Ted in a fight, does 



that mean John would beat Ted. 



S. No. 
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_X. Because they fight in Deny different ways. Many things are important. 

If we were comparing lengths of scissors, rod; and paper, the 3-stick rule would 
work, but it doesn't always work when many things count. Who wants to play the 



game once more? (They all play). 
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Although some of the class saw that 1 paper, scissors, or rock” contained a 
counter-example to the 3-stick rule, the comparison fell flat compared with my 
expectation. There are obvious improvements for the classroom presentation. For 
instance, one set of three children could hold a colored Ltick each, while another 
set of three could hold a paper, a scissors or a rock. Each set of three could 
then be arranged in order. One could then compare the fi^rst of each set with 

the third, and try arranging them in a circle. One could ask if a circle of 

i 

stick holders could be arranged, by adding more sticks. 

Session 25 (Lomon, June 9) 

(Scissors and papers available to students. Big paper ‘sticks" at board) . 

T. Who knows what I am going to make? 

. • l - -■ 

S. A number line. 

T. We will have some new questions and things to do with the number line. 

What goes on first? 

S. A zero. 

T# Let this piece of paper be my one-stick size. How would I mark the stick 
line to find 1 stick length, 2 sticks and so on. Come up to the board. No, 

I want to use the paper "stick" the long way. Where do I make the marks? What 
is this end called? 

S • One . 

T. Now how do I find two on here. That's right, I add on another stick. What 
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do I mark at this point? 
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S. Two. 

T, Now a hard question. Who can find hew v* get to minus one stick, or “owe" 

one stick’ (A student subtracts the one-stick from -',-1) • 1 would like you to 

take it from zero. (Other members of class are anxious to demonstrate). Where 

do I mark -1? That’s right. Who can find -2 for me? Good, What do I put here? 

^ * 

S, Minus two, 

T# Where will I be if I take away one stick from -2. 

/ 

s, -3. / I 

T. Where is iny finger now? And now? 

(Correctly.) a) -2. b) %*3. 

T. Now, if I put my finger here...? j 

S* ”1*2. i 

T. Is that right? Where do you think I am? 

S. a) Zero, b) — 3 . c) v 1 • 

T. We are somehwere between -:-l and +2. What do you say? 

S. Plus one and two-fourths. 

X. Yes, you know your fractions well. What do you see? 

i 

S. One and a half. 

T. He is right, and one-half is two-quarters, 

S. I think it is 1 3/4. 

T. That is the problem you see. Hox* are we going to tell if it is a 1/2 or 3/4? 
We will have to start finding a way of. telling what a half-stick is, and marking 
the half and the quarter. (Hands up). You two save your ideas while I do some- 
thing else first . We can tell whether something is bigger than or smaller than 
no matter what the length. How many sticks is this bigger than? 

S. a) Smaller than one. b) Smaller than three, c) Smaller than two. d) 

It is not smaller than one, it is bigger than one. 
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42. 

T. We know it is smaller than two and bigger than one. (Writes <2, >1). 

Now we have to find out where 1 1/2 is and wc can tell if it is bigger or smaller 
than that. Now tell us your idea to find a half- stick. 

S. Take a stick and fold it over to the edge. It is then a half to the bend. 

T. Right. Is this the way you wanted me to fold it? Where do I put this end? 

Si At zero. 

T. Yes, and the other end is at a half. Any other ideas? 

S. Take that stick, 

T. That may be half of some stick, but not of my one-stick. 

S. You couldn't bend a stick. 

Give us your idea of finding a half-stick. 

S. In between those two places. 

T. That may be l/4but not 1/2. ' .. 

S. Take another piece of paper the size of the one-stick, fold it in half. 
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and then cut it. J 

T. What part is a half-stick long? Let's try it and see if it is the same as I 

5 

\ 

the other. Yes, it is. .< 

S. Not exactly. 

*1 

T. It is cut a little jagged, but it is close. (A widthwise fold - to make the 1 

stick narrow - caused some confusion, and was cut away) • I 

i] 

x. How we have to check to see if it is a half. How did we get two? He added j 

I 

> 

one-stick to one-stick and got to 2 sticks. To get a half we do something similar, * 

■i 

A half is a size which if we add it to itself we get one. Who can come and check? j 

HI ■( 

Yes, you are doing it right. It is a bit short, so we did not fold well enough. 

6 

Here is a piece of paper. I want someone to cut it, so tnat when we add it to ^ 

'i 

itself we get one. When she is finished, you will all get stick lines with 1,2, 

ii 

3 marked on but no half-points. You will cut a paper to get a half-stick and check j 

*■ * 
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